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Shuttle-Tethered Subsatellite System Stability
with a Flexible Massive Tether

P.M. Bainum,* C.M. Diarra,f and V.K. Kumarj:
Howard University, Washington, D.C.

The effect of the in-plane transverse vibrations of a massive, flexible tether on the stability of the Shuttle-tethered
subsatellite system about the deployed local vertical orientation is examined analytically and numerically. Within
the linear range, the out-of-orbit plane (roll) equation is decoupled from the in-plane swing and extension/
contraction modes and has the form of a Mathieu equation. An application of the Floquet theorem shows that
parametric instability can result for specific ratios of the tether wave frequency to the orbital rate. In addition, a
forced resonance can be further superimposed due to the rotating atmosphere, especially for high-inclination
orbits. The divergent time constant can be as small as several orbits for short tether lengths where the subsatellite
mass is much less than the tether mass.

I. Introduction

THE Smithsonian Astrophysical Observatory proposed the
Shuttle-based "Skyhook" concept consisting of a tether

of approximately 100 km length to be deployed from the
Shuttle orbiter and transporting at its end a subsatellite ex-
perimental package.1 A subsequent treatment of the dynamics2

of the Shuttle-tethered subsatellite (STS) system assumed that
the motion occurred only within the orbital plane and ne-
glected the tether mass. A tether tension control was proposed
such that the tension would vary as a linear function of the
tether line length, the length rate, and the commanded (de-
sired) length. The position and velocity control law gains were
adjusted according to the frequency of the various system
natural modes.2 A further NASA study covered the three-di-
mensional dynamics and control, including the inertia! effect
of the tether mass, aerodynamic forces on the tether and
subsatellite, and aerodynamic heating.3

Recently, a new tether tension control law (for a massless
tether) in which the tension was assumed to vary as a linear
function of the difference between the tether line length and
the commanded length, the rate of change of the length, the
in-(orbital) plane swing angle, and the rate of change of that
angle was developed based on linear optimal control theory.4
During stationkeeping, such a control concept could result in
improved transient responses as compared with the previously
developed control laws, and the associated tether tension and
power levels would not exceed previous requirements. Subse-
quently, Diarra5 examined the effects of a massive but
taut tether on the dynamics, stability, controllability, and
observability of the STS system in its nominal operational
stationkeeping mode, using the optimal form of the tether
stationkeeping control law.4 It was found that stability re-
gions previously obtained for the massless tether were now
seen to be contracted due to the tether mass.

Misra and Modi studied the general three-dimensional dy-
namics of the STS system (including rotational motions of the
end bodies) where in-plane control of a flexible massive tether
was based on a length rate control law.6 Because of the
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complexity of the formulation, most of the results were based
on numerical simulation techniques.

This paper extends the work of Ref. 5 to examine analyti-
cally and numerically the effect of a massive and flexible
tether on the stability of the STS system during stationkeep-
ing. The equations of motion are derived using a Newton-
Euler formulation. The model includes the effects of gravity
and the orbital dynamics.

In order to demonstrate analytically the possibility of para-
metric instability in the out-of-plane roll motion of the STS
system due to (in-plane) transverse tether vibrations, a number
of limiting assumptions have been made and will be explained
in sequence. More complex formulations, such as provided in
Ref. 6, consider more complete flexibility and other effects,
with the results obtained based mainly on numerical methods.
It is hoped that the results obtained here can provide greater
insight into the more comprehensive numerical approaches
that will be required to simulate all phases of the actual STS
mission.

II. Equations of Motion of the STS System
When the Tether Is Massive and Flexible

In this development, the tether is considered massive and
flexible with the key elements of the system geometry shown
in Fig. 1.

O'XYZ is an Earth-centered inertia! reference frame R with
O'Z along the Earth's spin axis, OX0Y0Z0 is an orbit-fixed
reference frame R0 centered at the center of mass of the
Shuttle O with OX0 along the local vertical and OY0 along the
orbit normal opposite to the orbit angular momentum vector.
Oxyz defines the principal axes of inertia Rl of the STS
system in the undefbrmed state (not shown).

The system is idealized as two-point masses (the centers of
mass of the Shuttle and subsatellite) connected by a massive
and flexible homogeneous tether with the Space Shuttle as-
sumed to be moving in circular low-altitude Earth orbit in a
spherical gravitational field. The equations of motion are
derived using a Newton-Euler formulation. The principal as-
sumptions made in this development are:

1) The Shuttle mass is much greater than the combined
mass of the subsatellite and the deployed tether. Hence, the
shift in the center mass of the entire system from that of the
Shuttle is neglected.

2) The subsatellite is homogeneous, rigid, and spherical and
has a small diameter as compared with the tetherh'ne length.

3) At or near the equilibrium position, the tether behaves
like a vibrating string, with the amplitudes of the transverse



MARCH-APRIL 1985 SHUTTLE-TETHERED SUBSATELLITE SYSTEM STABILITY 231
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Assumed Euler rotational sequence
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Fig. 1 System (with massive and flexible tether) geometry.

elastic displacements assumed to be small compared with the
tether line length.

4) The effects of the twisting motion about the tether line on
the system dynamics are neglected.

5) The longitudinal elastic tether displacements are assumed
to be negligible.

6) Control is introduced into the system only by modulating
the tension level in the tether.

Consider an elemental mass of the system dm having the
position vector r. In the body frame, Rj(x,y,z), see Fig. 1,
moving with the tether line r can be written as

The equatipn of motion of dm can be expressed by

(1)

(2)

where a is the inertial acceleration of dm\ f the gravitational
force per unit mass; e the external force per unit mass; q the
transverse elastic displacement of dm\ xi the position vector
of dm in the undeformed state; L a linear operator that, when
applied to the small elastic displacement q, yields the elastic
forces acting on dm\ and p the mass per unit volume. The
expression7 for / contains terms du£ to gravity at the system
center of mass f0 and the gravity gradient M(r),

With the geometry and Euler angle sequence shown in
Figure!,

3cos2<J>cos20 - 1 3sin<J>cos<f>cos20 3cos<f>cos0sin0
3sin<J>cos<f>CQS20 3sin2<J>cos20 — / 3sin<J>cos0sin0

3sin<J>cos0sin0 3sin20 — 1

(4)

where wc is the angular velocity of the orbit of the Shuttle
center of mass.

Equation (2) can be written in the body frame Rj as

= e+f+L(q)/p (5)

where r and r are the velocity and acceleration of dm,
respectively, in R2. The inertial angular velocity vector co can
be expressed in terms of the Euler angles and Euler rates in
«, by

co = ( 0 — coc.)sin</>/ + ( 0 — coc)cos<f>y (6)

After substitution of Eqs. (1) and (3) into Eq. (5) and in-
tegrating the result over the entire system (tether and subsatel-
lite), one arrives at the translational equation of motion of the
system,

f [ xi 4- a0 - f0 + 2co X xi + co X xi + co X ( to X xi)
^

-M(xi)] dm+

-M(q)-L(q)/p] dm= { edm
*m

(7)

In applications, where orbits are circular (or very nearly
circular), the term Sm(a0—f0)dm vanishes.

It should be noted also that, in the rotating body frame Rj,

r = li + q (8a)

(8b)

where / is the base length of the tether and / and / the
deployment/retrieval rate and acceleration, respectively.
Expression for the Elastic Transverse Displacements

The elastic transverse vibrations can be expanded in series
form in terms of a set of admissible functions,6'8 i.e., for the
«th mode, .-,

»-£*„(

(9a)

(9b)

where u and v represent displacements along Oz and Oy,
respectively.

The functions <J>(x) can be somewhat arbitrary, as long as
they satisfy at least the geometric boundary conditions. It is
assumed that at instant t = 0 the transverse vibrational veloc-
ity u is zero and that only the first in-plane mode is excited;
thus,

(10)

A set of admissible functions satisfying both the temporal
and spatial boundary conditions, along with the assumption
that the elastic displacements occur in the orbital plane,
implies

q = ̂ coscof sin( irx/lc) k (11)

where q is the vector displacement of the elastic transverse
vibration, k the unit vectof along the Oz axis moving with the
tether line, A0 the maximum amplitude the wave can reach,
and lc the desired (commanded) equilibrium base length. If /
is the frequency of the wave, then to = 27r/.

Derivation of the System Equations of Motion
In order to have a mathematical description of the system,

one should derive three equations describing the motions in
the three degrees of freedom of the system. The translational
equation of motion is obtained after substituting expressions
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from Eqs., (1), (4), (6), (8), and (11) into Eq. (7), integrating it
over the entire (tether and subsatellite) system, and taking its
projection along the / direction. It should also be noted that,
in general, L(^(77))= -pco2<f>(/7) where p is the density and
<£>(/o the nth modal shape vector whose frequency is cow.

If /'• jmedm = Tx, where e represents the external forces
including those introduced by the controller, mt the tether
mass, pj the tether mass per unit volume, ms the subsatellite
mass, p2 the satellite mass per unit volume, and D the tether
diameter, then the translafional equation of motion can be
written, after evaluation of the various integrals, as

(12)- o>2( 3cos20cos24> - ; )] + S; = Tx

where

St =(4mt/7r)A0(l/lc){ -<o(0 - coc)cos<J>sinco/ + j

X [( 0 - coc)sin<J><j> + t*2
cM13 + 0cos4> - <j>sin<J>( 0 -

(13)

The equations of rotational motion of the system are obtained
by taking the moments of all the external, inertia!, and inter-
nal forces acting on the system, i.e., from Eq. (7)

rx [ a0 — f0 4- r + 2uxr + uxr 4- cox(

= ( rx[L(q)/p + M(r}+e] dm
J

dm

(14)

The various terms in Eq. (14) can now be evaluated using the
techniques of vector calculus. Since the elastic displacements
are assumed to be small, only the first-order terms in q, q, and
q are retained.

After substituting the values for the integrals in Eq. (14)
and taking the projection along the axes / and j, respectively,
of Rj , one arrives at the rotational equations for the pitch [Eq.
(15)] and the roll [Eq. (16)] as

0- wc) + Jc*>2cos<J>cos0sin0]

+ 2//cos<J> ( 6 wc) } + mt { ( l2/3) [ #cos<J> - 2<|>sin<J> ( 0 -

+ 3co2cos<J>sin0cos0] + //cos<J>(0 - «c)} +mtA0{ [ w2(

+ v( /2//c) + 4( 1lc/*l) + ( /c/*r) ( 0 - «c

m

2( /c/fl-)(sin20 - cos2<J>cos20]

Xcosco/- 4co(//c/777)sinco/} = Cv (15)

l /2 I <£> + sin<J>cos<|>( 0 — coc) " + :to2cos<J>sin<|>cos20 I + 2//^> \

+ mt |( I2/ 3} [ <£ + sin<|>cos<|>( 0 - wc) 2

+ Jco2cos<|)sin<|)cos20] //<j> } + mtA0( [ 4( llc/v}( 0 -

- 0( /cA)sin$ - ^/c( 0 - coc)cos<J> + ( lc/ir)$(6 - «

+ Jco2 ( /c./9r ) sin<> cos <j> sin0 ] cos co ̂  + 2 ( /C/TT )

= Cz (16)

where Cv, and Cz are the components of the external torque
along the / and k axis, respectively.

Linearization of the System Equations of Motion
Equations (12), (15), and (16) describe the motion of the

STS system for the case where vibrations occur initially only
in the orbital plane and where the tether behaves like a
vibrating string that has only its first mode excited [the effect
of other modes could be modeled by including additional
terms in the summation of the series, see Eq. (9)]. During the
stationkeeping phase, it is desired to maintain the subsatellite
at or close to the nominal equilibrium configuration in which
the subsatellite is deployed 100 km below the Shuttle along
the local vertical. Hence, the dynamics analysis will be based
on a linear model derived from Eqs. (12), (15), and (16) for
small values of 0, 0, <>, <j>, and (/- /c)//c.

Introducing the nondimensional parameters r and e, where
T = uct [d( )/dr = (')'] and € = (/ - /c)//c, and applying " the
small angle approximation" to all the expressions containing 0
and <f> in the linear equations, the following approximate
linear equations result:

m,)

x -

6A
7r(3ms/

m* = [ms + (mt/2)]/(ms -f mt}\m* — [2ms + mt]where

It is seen in Eq. (19) that in the absence of external
disturbances Cz, the equation describing the roll motion de-
couples from the two other equations in the linear range,
regardless of the inclusion of the tether mass and flexibility
into the system.

III. Effects of Tether Mass and Flexibility
on the STS Dynamics

Equation (19) is seen to be in the form of Hill's equation,9

6A0
trr(3ms/mt

(20)

It is well known that the zero solution of such an equation
cannot be asymptotically stable in the Lyapunov sense.

With the aid of the transformation, J = (^r/2) - w/4, where
0 = o)/coc, Eq. (20) may be rewritten as

2 4- [(16/Q2) - (21)

where B0 = 6A0/7r[3ms/mt + l]lc.
Equation (21) is now in the canonical form of Mathieu's

equation

d2<J>/d£2 (22)

From the Mathieu stability chart,9 one can obtain the magni-
tudes of mass ratio ms/mn frequency ratio 12, and amplitude
ratio A0/lc that result in system stability. However, for
ms/mt = 2 and A0/lc = 0.01, values characteristic of the STS
system during stationkeeping about the nominally deployed
length, q(&) has values for which it is difficult to make an
accurate interpretation of the Mathieu chart.
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Alternatively, the Floquet analysis10 can be used to derive
the stability conditions on a "point-by-point" basis in param-
eter space. Equation (20) can be written as

(23)

were p(r) = 4 — Z^sinOr, with period T=
By setting yl = <J> and y2 = <j>' = y j , one could recast Eq.

(23) in the following state variable form:

0 (24)

y
Assuming that the quantities ZU(T)9 Z12(T), Z21(T), and

Z22(T) are known (where Ztj(T) are the elements of the
matrix [Z(T)] that satisfies the matrix equation [ Z ( r ) ] ' =
[E(r)][Z(r)] and that, when T = 0, equals the identity matrix
[/]), one can derive the stability conditions by applying the
Floquet theorem.10

For each set of parameters, a corresponding matrix [Z(T)]
can be computed by integrating the matrix equation [Z(r)]' =
[E(r)][Z(r)] from 0 to T. The characteristic equation of
[Z(T)-si] = 0 is given by

s2-s{trace o f [ Z ( T ) ] } + det[Z(T)] = 0 (25)

Since the trace of E(r) = 0 [in Eq. (24)], an application of the
Jacobi-Liouville formula10 implies that det[Z(r)] = det[Z(T)]
= 1. Thus, the eigenvalues of Eq. (25) are given by

j;,2 = i{trace[ Z(T)] ± \/{trace[Z(r)]}2 - 4} (26)

We will now examine the following different conditions of
the Floquet theorem10 for this specific application:

1) When the trace of [Z(T)]> 2. In this case, the modulus
of at least one of the eigenvalues is greater than 1 and the zero
solution of Eq. (23) is unstable.

2) When the trace of [Z(T)] = 0, Sj = -s2 = i, and ||̂ || = 1.
This corresponds to a set of parameters for which the zero
solution is stable.

3) When the absolute value of the trace of [Z(T)]<2.
Then, all the eigenvalues are complex numbers with modulus
= 1, one of which is the conjugate of the other.

4) When the trace of [Z(T)] = 2. In this case, the multiplic-
ity n = 2. For stability, the nullity k of [Z(T) -snl] must be
equal to the multiplicity n. Here, sn = 1 (n = 1,2). The nullity
k of [Z(T) -1] is the order of [ Z ( T ) ~ I] minus the rank of
[Z(T) ~ I]. For this problem, the rank of [Z(T) -1] must be
zero in order for n = k; this can happen only when [Z(TJ\ =
[/] = [Z(0)]. We conclude for this second-order system that
for the case of multiple roots of the characteristic equation,
the stability in the Lyapunov sense is always assured.

IV. Numerical Results
It is seen by examining points on the Mathieu chart in the

vicinity of A0/lc = 0.01 that instability will occur when a =
4(12 = 2) and 1(£2 = 4). The resulting stability chart obtained
from a point-by-point Floquet analysis (Fig. 2) for A0/lc =
0.01 corroborates the preliminary results of the Mathieu chart.
It can also be seen that, for the number of points analyzed, the
instability region around 0, = 4 is larger than the instability
region around 0, = 2. (It should be noted that for all the
unstable points in the region around 0, = 2, regardless of the
mass ratio ms/mt, the divergent time constants are very long
—on the order of months.)

Figure 3 illustrates the influence of the amplitude ratio
A0/lc in the presence of parametric instability represented by
12 = 4 for the same initial roll displacement and for the same

10 L_..,^.____.4--——+ .____+-. . ———— -,

tether mass)

Unstable points
Stable points

Fig. 2 Stability chart constructed by means of the Floquet theorem.

-10

<|>(0) = 2x10

Time (hours)

Fig. 3 Parametric instability in the roll degree of freedom.

ratio of ms/mt. The increased rate of divergence of roll
amplitude for the larger ratio A0/lc = 0.2 is apparent.

The divergence characteristics predicted from the Floquet
analysis are also manifested by the numerically simulated
growth of the roll amplitude shown in Fig. 3. In reality, a
situation such as depicted by this figure could occur for the
STS during stationkeeping about a commanded length repre-
sentative of the terminal phase of retrieval (or early phase of
deployment) with a suitable transverse perturbation in the
wave, and for mass ratios that could be realized only if the
subsatellite were suddenly severed from the tether, leaving
only a small attachment arm connected—i.e., during a possi-
ble failure mode where further stationkeeping might be de-
sired in lieu of continuing the deployment (retrieval process).
Other results similar to those depicted here with small ampli-
tude ratios and mass ratios corresponding to the fully de-
ployed system for 0, = 4 are characterized by extremely long
divergent time constants. It should also be noted (although
not illustrated here), that a buildup in roll amplitude, however
induced, will eventually lead to instability in the nonlinear
equations for the pitch and length degrees of freedom.

In addition to the possibility of system parameters inducing
roll instability (parametric resonance), a forced resonance is
further superimposed due to the rotating atmosphere, espe-
cially for high inclination orbits. As an example, Fig. 4 shows
the transient response to an initial 2 X 10 ~2 deg perturbation
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2x10

Time (hours)

Fig. 4 Parametric and forced resonance in roll due to rotating atmo-
sphere, polar orbit.

in roll for the case where atmospheric effects corresponding to
a polar orbit are superimposed for the parameters correspond-
ing to one of the parametric resonance cases of Fig. 3.

(To further dramatize this effect, the drag model here is
based on the fully deployed 100 km STS system. It can be
seen that under these forced resonance conditions the diver-
gent time constant is two orders of magnitude shorter than
that in Fig. 3.)

V. Conclusions
The equation describing the out-of-plane roll motion decou-

ples within the linear range from the length and pitch equa-
tions regardless of the presence of tether mass and flexibility
in the Shuttle-tethered subsatellite system dynamics. When the
frequency of the tether transverse vibration is assumed to be
two or four times the orbital frequency, the linear system is
unstable. When, in addition to the system parameters inducing
roll instability, the drag forces due to a rotating atmosphere
are superimposed, the divergent time constant can be shorter

than that experienced for the case of parametric instability
alone.

The values of the system parameters that yield parametric/
forced resonance instability with noticeable divergent time
constants correspond to a situation in which the subsatellite
mass is two orders of magnitude less than the deployed tether
mass—a failure case where most of the subsatellite system
would be severed from the tether line. For different applica-
tions of tethered connected systems such as in space (plat-
form)-based construction using shorter tethers attached to
different size instruments (payloads), this would have to be
re-evaluated.

A recommended extension to the present study could con-
sider the stability of the combined pitch and length equations
for the linear system, which would necessitate a higher-order
Floquet analysis.
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